In this paper, we report a generalised form for the range parameter governing the pair interaction between soft ellipsoidal particles. For nonequivalent uniaxial particles, we extend the Berne-Pechukas gaussian overlap formalism to obtain an explicit expression for this range parameter.
Introduction
Following the original work performed using models with purely steric interactions [1, 2, 3] , there has been a growing interest in computer simulations of liquid crystalline systems using models with 'soft' potentials [3] . For computational efficiency, most of the models used in the latter have employed a single anisotropic interaction site per molecule; in some cases, a purely attractive anisotropic term has been combined with a spherical core to produce mesogenic behaviour [4, 5] . Whilst there have been some simulations performed with idealised [6] and realistic [7] models based on a multi-site Lennard-Jones approach, the various single-site anisotropic forms available continue to offer a productive route by which to study order in liquids.
The standard amongst these anisotropic pair interactions is the Gay-Berne potential [8] . This uses an approximately ellipsoidal range parameter [9] in a shifted LennardJones form combined with a similarly anisotropic well-depth function. This range parameter was originally derived by Berne and Pechukas on the basis of the overlap of two ellipsoidal gaussian distributions [9] . Various parameterisations of this model have been used to study the phase behaviour of calamitic liquid crystals: nematic and smectic phases have been observed by several groups [10] . A discotic parameterisation has also been studied and shown to give nematic discotic and columnar phases [11] .
Very recently, Berardi et al. have reported a biaxial version of the Gay-Berne potential [12] .
The development of large parallel machines, possessing computational power equivalent to some hundreds of workstations, offers the possibility of far more ambitious simulations, using tens of thousands of interaction sites rather than the few thousand currently used in typical Gay-Berne simulations. This increase can be exploited either by enhancing the complexity of the model potentials used (e.g. moving to atomistic representations) or by enlarging the system size and continuing to work with idealised potentials.
In seeking a realistically attainable route by which to model some of the more exotic (and technologically useful) liquid crystalline phases, a compromise between these two positions seems a promising path: the cylindrically symmetric anisotropic potentials currently in use appear inadequate, whilst (computationally expensive) atomistic models do not represent an efficient means by which to study phase behaviour. Models comprising several anisotropic sites per molecule therefore appear to offer a reasonable option (indeed, this was the basis of the original Berne and Pechukas paper [9] from which the Gay-Berne potential evolved).
This option is already available to some extent in that assemblies of identical GayBerne units and Lennard-Jones sites can be simulated using the potentials currently available; initial studies of such assemblies have already been attempted [13, 14] . The restriction to identical Gay-Berne units is clearly a disadvantage, however, when one considers the range of structures adopted by real molecules.
In this paper we propose a generalisation of the Gay-Berne potential, which yields the interaction between non-equivalent uniaxial particles (e.g. one oblate and one prolate). This is achieved by extending the range parameter function, on which the shape of the Gay-Berne potential is based, to incorporate mixed interactions. We confirm that, as pointed out by Perram et al. [15] and echoed in [2] , this function can also be obtained from an approximation to the Perram-Wertheim hard-ellipsoid contact function [16] .
Since the Perram-Wertheim expression for the hard ellipsoid contact function holds for non-equivalent biaxial particles, we are able to invoke this same approximation to obtain the form of the gaussian overlap range parameter for this general case.
The equivalence of the gaussian overlap and the approximate hard-ellipsoid contact function routes to the range parameter is not widely recognised. To emphasise this equivalence, both are presented in Section 3. We stress that the resulting expressions are obtainable from existing results (see e.g. equations (2.85)-(2.96) of [2] ), but consider the gaussian overlap approach to be worthwhile since it provides the range parameter with its physical significance. We also note that the simple forms of our final expressions lends them considerable practical utility.
The main motivation for the work presented in this paper is the extension of the range of anisotropic multi-site models, although its application to mixtures of different singlesite particles is also clear. Thus, this extended version of the potential is expected to be of use in studying a range of physical systems for which the original Gay-Berne potential is inappropriate.
The remainder of the paper is arranged as follows. In the next Section, we describe Berne and Pechukas' formulation of the overlap problem for identical particles, and its application in the Gay-Berne potential. Section 3 contains the three range parameter derivations described above. Using the uniaxial particle result as a basis, we then develop an extension of the Gay-Berne potential for two non-equivalent particles.
Finally, this potential is examined for the case of a disk interacting with a rod, and a parameterisation is calculated and discussed.
The Original Model (Identical Uniaxial Particles).
In their original treatment of the interaction between two elongated molecules, Berne and Pechukas [9] considered the case where each molecule is approximated by a uniaxially stretched gaussian distribution of the form 
where
In their formulation of the problem, Berne and Pechukas used their range parameter in a potential of the stretched gaussian form
where ε 0 is the well-depth parameter and the strength anisotropy function is given by
In the ensuing years, several extensions and refinements were made to this basic potential (see [17] for a brief review), in order to remove some of its more unrealistic features. The most notable of these were the replacement of the stretched gaussian potential of (5) with a Lennard-Jones form [18] and, subsequently, a shifted Lennard-Jones form [8] . Thus, in the contemporary Gay-Berne model, the interaction is written 
where the strength anisotropy function is now
Here, the powers µ and ν are adjustable parameters and ( ) 
The additional parameter, ′ χ , is given by the ratio of end-end to side-side well depths
Whilst the form of the potential used to describe the interaction has been modified considerably since the original formulation, it is striking that the range parameter on which it is based, ( ) σ , , u u r i j ij , has remained unchanged from that obtained by Berne and Pechukas. In seeking a form for the interaction between non-equivalent ellipsoidal particles, we note that the range parameter of equation (3) Table 1 we list and label the five independent arrangements for which the dot products of u i , u j and r ij are all equal to either zero or unity.
Following Berne and Pechukas, we wish to define the range parameter, which governs the interaction, in terms of the overlap of two appropriately stretched gaussians. To this end, we return to equation ( 
In the case where the molecular axes are orthogonal, e 1 and e 2 reduce to u j and u i respectively. We also note that the eigenvectors and ( ) u u i j y ⋅ remain well behaved in the limit that α i tends to α j . Equations (11) to (13) can be combined to yield ( ) 
which can be inserted into equation (2) to give the generalised range parameter
Further manipulation of equation (14) using (13) allows elimination of y to give
u u r r u r u r u r u u u
( )( ) ( )( )
and
To make closer comparison with the Berne-Pechukas form (i.e. equation (3)), we note that equation (15) can also be expressed as 
although equation (15) is likely to be the more useful form in practice (when χ is imaginary, for example). We note that the great similarity between this generalised
and that of Berne and Pechukas ensures that any computational overhead associated with its use will be trivial.
In Section 4 we go on to discuss a full implementation of equation (15) 
We note that this is consistent with the rod-sphere form given in reference [9] .
Finally, if we consider the case where one of the particles is oblate while the other is prolate, we note that both χ and α 2 become imaginary. This particular choice of parameters follows from the original derivation of Berne and Pechukas [9] . An alternative choice of parameters based on the (always real) coefficients α χ ±2 and χ 2 employed in equation (15) can be postulated simply. Such a choice is made in Section 3.2. Thus, the range parameter we have derived can be used for all choices of l 's and d 's, and is fully consistent with the equivalent functions suggested previously for systems of identical particles and of rod-sphere mixtures.
Uniaxial and Biaxial Ellipsoids via the Perram-Wertheim Route
The route just outlined does not represent the only approach by which to calculate the uniaxial range parameter. It has been shown by Perram et al. [15] that the range parameter of Berne and Pechukas' gaussian overlap potential is identical to a simple approximation of the hard ellipsoid contact function due to Perram and Wertheim [16] .
The true overlap function for hard ellipsoids i, j may be written in the form 
is the distance of closest approach for hard ellipsoids with the specified orientations.
As pointed out in [15] , and echoed in 
where the u i β are the corresponding unit vectors and the a i β the semi-axis lengths.
Then a dyadic matrix is defined for each molecule
The form for the reduced Perram-Wertheim function is
where ( )
In computer simulations, it is straightforward to perform the 3 3 × matrix inversion on the right hand side of equation (31) numerically, and thus determine the shape parameter. This is the procedure adopted by Allen [20] 
Other Approaches
Before closing this Section, we note that we have found another route to equations (15)- (19) based simply on the behaviour of the shape parameter in the five configurations shown in Table 1 . Following the original result of Berne and Pechukas, we assumed the shape parameter to be given by a minimally modified form of equation (3) However, the crucial point in favour of the latter is its simple analytical form which is easily differentiable. It can, therefore, be used in molecular dynamics simulations using 'soft' interaction potentials (this is not practicable with the ellipsoid contact function which would require numerical differentiation to calculate each force contribution). The task of importing the generalised shape parameter into the Gay-Berne potential involves little more than inserting equations (15-18) into equation (7). However, the strength anisotropy term of equation (9) also needs to be modified; if it were not then the well depths for the two different T configurations (see Table 1 ) would be equal. By reference to our shape parameter result we suggest use of the form 
where, as previously, we have introduced a single new parameter, ′ α . The task of relating the parameters ε 0 , µ , ν, ′ χ and ′ α to the system of interest is rather less clear cut than that experienced in deriving the shape parameter. As evidence of this, we note that there are currently a number of different strength anisotropy parameterisations being used for Gay-Berne systems with identical shape anisotropies [10, 21] .
In order to gain an indication of how these parameters relate to given configurations, we list, in Table 1 , the form of ( )
for each of the arrangements listed. From this we see that ε 0 is the only relevant parameter for the cross (X) arrangement and that ν controls the well-depth variation from the cross to the side-side (S)
arrangement.
An initial route to determining the other three parameters is offered by noting that the expressions given in Table 1 represent a series of simultaneous equations in µ , ′ χ and ′ α : a numerical solution of these equations should give a suitable starting point for a fit to a full potential. We stress that this does not represent a rigorous means by which to parameterise a given system, however, and urge that this matter be considered anew for each new set of l 's and d 's used.
Before attempting such a parameterisation, we note that in the limit of identical particles, the two T configurations become equivalent, and ′ α goes to unity; equation 
Parameterisation of a Rod-Disk Interaction
In seeking a set of parameters suitable for modelling the interaction between a rod-like particle and a disk-like particle, we have closely followed the procedure used by Luckhurst et al. in their analyses of the rod-rod and disk-disk parameterisations of the standard Gay-Berne model [17, 11] . This is based on a Boltzmann weighted average of the interaction between a pair of molecules, calculated purely from the sum of atomcentred Lennard-Jones interactions. Whilst this procedure has been found to yield potentials which overestimate the relative well depth ratios of the various configurations (due to its neglect of molecular flexibility and other important factors such as quadrupolar interactions), it does offer an objective means by which to compare interactions between molecules of various shapes.
We have considered the interaction between the rod-like molecule p-terphenyl (the same basis molecule as was used in reference [17] ) and the disk-like molecule triphenylene (as used in reference [11] ). In the following, we take u j to coincide with the para-axis of the p-terphenyl molecule and u i to run through the centre of, and orthogonal to, the central ring of the triphenylene molecule. We have obtained an energy-minimised structure for each of these molecules using the computational chemistry package Cerius2 [22] . For this and for all subsequent calculations, we have used the same Lennard-Jones parameters as Luckhurst and Simmonds (explicitly, 
To enable direct comparison of results, we have followed Luckhurst and Simmonds [17] in using a value of 500 K for T . Table 1 . The results of these calculations, which were obtained using a 1 degree increment in the azimuthal sums of equation (40), are shown as full lines in Figure 1 . We have performed a least squares fit of our model potential to these data using the NAG minimisation routine E04JAF. This fit is shown as the dashed lines in Figure 1 , and corresponds to the parameter values σ 0 =7. , , u u r data is 10.4 (11.4 in our fitted data), substantially less than the 39.6 found for the two rods. This, along with the respective ε 0 values obtained, supports intuitive arguments that in a mixture of (similarly sized) rods and disks, the strongest rod-disk interaction will be weaker than the strongest rod-rod and disk-disk interactions.
The value we have obtained for the exponent µ is broadly similar to that used in the various simulations of identical Gay-Berne particles [10, 11, 17, 21] . Our value for ν is substantially smaller than that used for such systems, however. Such a difference is to be expected; the relevant part of the strength anisotropy function, ( ) ε 1 , u u i j , is itself much bigger than that used in the identical particle interaction, due to the negative value of χ 2 (recall equations (6) and (8)). Small ν values should, therefore, be a feature of all rod-disk parameterisations.
The remaining parameters of our fit do not naturally lend themselves to specific discussion. We note that the (unprimed) shape parameter variables obtained have given very good agreement with the input data for the specific case considered here. This supports continued use of potentials based on the gaussian overlap shape parameter.
The main failure of the fit is that it underestimates the relative depth of the E arrangement. This, along with the general shallowness of the fitted curves may indicate that an alternative to the shifted 12-6 Gay-Berne potential form may yield closer agreement to realistic molecule-molecule interactions. This must remain a rather tentative conclusion, however, given the relatively crude molecular model compared with in this work.
In conclusion, we have developed a generalised version of the Gay-Berne potential which enables calculation of the interaction between dissimilar uniaxial or biaxial particles. This interaction potential reduces to the standard Gay-Berne and LennardJones forms in the appropriate limits. As such, it is appropriate for use in a number of simulation systems involving mixtures or assemblies of non-spherical interaction sites. arrangements for a rod-like particle (molecule j ) and a disk-like particle (molecule i ).
These are differentiated by the marking of symmetry axes. . See text for fit parameters. The fits were generated using data from a limited range of r ij values; the upper limit of this range, for each of the curves shown, is indicated by the vertical discontinuity at large r ij .
